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Abstract 

In the note we consider convolution operators acting on the L\ 
space of functions defined on the unit circle equipped with the Lebesgue 
measure. Kernels are taken to be densities of real random variables 
with characteristic functions belonging to some Lebesgue space L p . 
We prove that the identity minus such an operator is nicely invertible 
on the subspace of functions with mean zero. 
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1 Introduction 

This paper is devoted to a study of a certain class of convolution operators A : 
Li(T) — > Li(T), where T is the one dimensional torus. The question about 
properties of this kind of operators arose during the work on the following 
question posted by Gideon Schechtman (personal communication). 

Question. Given e > 0, is it true that there exists a natural number k = 
k(e) such that for any bounded linear operator T : L%[0, 1] — > Li[0, 1] with 
II^IUi^Li < 1 which has the property 

V/ E Lx[0, 1] ( lsupp/1 < 1/2 =j> \\Tf\\ > s 
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there exist S > and functions gi, . . . , g k G L^O, 1] such that 

\\Tf\\ > 6\\f\\ for any / G L x [0, 1] satisfying / f 9j = 0, j = 1, . . . , kl 

Jo 

Here and throughout, we use the notation || • || = || ■ ||li(t)- It is worth to 
mention that the question in an equivalent form was asked by Bill Johnson 
in relation with a question on Mathoverflow |MOj . 

Hoping to give a negative answer to this question we were considering 
operators of the form T = I — By, where 

(B Y f)(x) = Ef(x © Y), for iGl (1) 

Here Y is a real random variable, T = [0, 1) and x © y = (x + y) mod 1. 
Our first idea was to take an operator 

(U t f)(x) = ±- t J +t f(x®s)ds, te(0,l). (2) 

Clearly, we have Ut = B t y, where Y is uniformly distributed on the interval 
[—1,1]. It turns out that the operators of the form (j2J) will not provide 
the negative answer to Schechtman's question as we were able to prove the 
following theorem. 

Theorem 1. Consider t G (0,1) and f G ^i(T) with f T f = 0. Then we 
have 

\\f-UJ\\>ct 2 \\fl 
where c> is a universal constant. 

Indeed, the assertion says that the operator T = I — Ut is nicely invertible 
on the subspace of functions such that J f ■ 1 = 0. That is why T cannot 
serve as the negative answer to Schechtman's question. 

Remark. Set f(x) = cos(27ra). Then ||/ - U t f\\ = f (l - ^ sin(27ri)) w t 2 , 
for small t. Therefore the inequality in Theorem [1] is sharp in a sense. 

In this short note we give a proof of a generalization of this theorem. Namely, 
the result reads 

Theorem 2. Given t G (0, 1) and a real random variable Y with charac- 
teristic function belonging to L P {R) for some p > 1, consider the operator 
A t : Li(T) -> Li(T) given by 

(A t f)(x)=Ef(x®tY). 
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where a positive constant c depends only on the distribution of the random 
variable Y . 

Remark. For instance, if Y has bounded density, then its characteristic func- 
tion is in L2. 

The next section is devoted to the proof of Theorem 

2 Proof of Theorem [2 



We begin with two lemmas. 

Lemma 1. Suppose Y is a real random variable with characteristic function 
belonging to L p (R) for some p > 1. Let Yi, Y 2 , . . . be independent copies ofY. 
Then there exists a positive integer N = N(Y) and a number c = c(Y) > 
such that for all C > 1 and n > N the density of 



is bounded below by c. 

Proof. By a certain version of the Local Central Limit Theorem, e.g. The- 
orem 19.1 in |BR] . p. 189, we know that the density q n of (Yi + . . . + Y n — 
nEY)/y/n exists for sufficiently large n, and satisfies 




mod 1 



sup q n (x) - 




1 



(3) 



where a 2 



Var(Y). Observe that the density g., 



4 C) otxP 



equals 





Using ([3]), for S 



we can find iV 



N(Y) such that 



q n (x) > 



1 




i6R, n > N. 



a 
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Therefore, to be close to the maximum of the Gaussian density we sum over 
only those ks for which x + k + ■yfnEY G (— 2C, 2C) for all x G [0, 1]. Since 
there are at least C and at most 4C such fcs, we get that 



-2/o 



□ 

Lemma 2. Suppose Z is a T-valued random variable with a density h 
bounded below by c G (0,1) and Bz is defined by (JTJ). Then \\Bzf\\ < 
(1 - c )ll/ll /° r / G Li(T) satisfying f T f = 0. 

Proof. Take / G Li(T) with zero mean. We then have 



\Bvf\\ 



h(s)f(x © s) ds 



< 



o 

7 

./0 



da; 



(/i(s) -c)/(xffis) ds 



dx 



(/i(s) - c)|/(x © s) \ ds dx 



(/i(s) — c) ds 



'1 -c 







□ 



Now we are ready to give the proof of Theorem 

Proof of Theorem^ Let Y±, Y" 2 , • • • be independent copies of Y. Observe that 



(A?f)(x) = Ef ( x ®tY l ®...®tY n )) 



Ef [x © t^n 



/y 1 + ... + y n 



mod 1 



Take n{t) = \l/t 2 ]N(Y), where N(Y) is the number given by Lemma [TJ 
Therefore 

(Af ) f)(x)=Ef (x © X%1) , 

where C = tv 7 ^) = tVT^WWW) > V N ( Y ) > L Thus has a 

density bounded below by some constant c(Y) G (0, 1). From Lemma |2] we 

pfVll <(i-c(y)) 
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for all / satisfying L / = 0. 

The operator Af is a contraction, namely ||A/|| < ||/|| for all / G L%(T). 
Using this observation and the triangle inequality we obtain 

11/ - Af\\ > I (11/ - A t /|| + \\A t f -Alf\\ + ... + \\A n t - l f - AVII) 

>-||/-A n /ll- 
n 



Taking n = n{t) we arrive at 

-Ayll/ _ > _L_ . _i_ („,„ _ p-cvil) > 

It suffices to take c = c(Y)/2N(Y). □ 
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